ESTIMATES FOR INVARIANT METRICS NEAR 
NON-SEMIPOSITIVE BOUNDARY POINTS 
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Abstract. We find the precise growth of some invariant metrics 
near a point on the boundary of a domain where the Levi form has 
at least one negative eigenvalue. 



1. Behavior of the Azukawa and Kobayashi-Royden 

pseudometrics 

Let D C C" be a domain. Denote by Co-, Sd, Ad and Kij the 
Caratheodory, Sibony, Azukawa and Kobayashi(-Royden) metrics of 
D, respectively (cf. |3j). K^, is known to be the largest holomorphically 
invariant metric. Recall that the indicatrix of a metric M^i at a base 
point z is 

hMD := {v e T^D : Md{z,v) < l} . 
The indicatrices of Cd and Sd are convex domains, and the indicatri- 
ces of A]:, are pseudoconvex domains. The larger the indicatrices, the 
smaller the metric. The Kobayashi-Buseman metric Kd is the largest 
invariant metric with convex indicatrices (they are the convex hulls of 
the indicatrices of Kd). Since the indicatrices of Kd are balanced do- 
mains and the envelope of holomorphy of a balanced domain in C" is a 
balanced domain in C^, we may define Kjj to be the largest invariant 
metric with pseudoconvex indicatrices, i.e. IzK^) to be the envelope of 
holomorphy of IzKd for any z ^ D. Then 

(1) Cd<Sd< mm{AD, Kd} < maxjA^, Kn} <Kd< Kd- 

We list some properties of Kb in Section HJ Propositions [10] and [TTl 
Let D ^ C", and suppose that a G dD and that the boundary dD 
is C^-smooth in a neighborhood of a. We say that a is semipositive if 
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the restriction of the Levi form on the complex tangent hyperplane to 
dD at a has only non-negative eigenvalues. A non-semipositive point 
a is such that the above restriction has a negative eigenvalue. This is 
termed a "non-pseudoconvex point" in [1]. 

Denote by and i>a the inward normal and a unit complex nor- 
mal vector to dD at a, respectively. Let z E Ua near a and d{z) = 
dist{z,dD) (= \z — a\). Note that for C^-smooth boundaries, cP is 
also C^-smooth is a neighborhood of dD Due to Krantz [1] and 
Fornaess-Lee [Ij, the following estimates hold: 

Kd{z; ua) X {d{z))-^'\ Sd{z- x {d{z))-^/\ Cd{z- z/J x 1. 

In fact, one may easily see that Cd{z\X) x |X| for any z near a. 
Denote by {X,Y) the standard hermitian product of vectors in C". 
Our purpose is to show the following extension of Theorem 1]. 

Proposition 1. If a is a non-semipositive boundary point of a domain 
^ C", then 

Sd{z-X)^Kd{z-X)^ +|X| near a, 

d{z) ' 

and by ([T]) that estimate holds for Ad and Kn as well. 

Note that it does not matter whether the Levi form at a has one or 
more negative eigenvalues. 

Using the arguments in [1], and for the case (i) a reduction to the 
model case along the lines of the argument given in the proof of Propo- 
sition m in section [3l one may show that 

Proposition 2. (i) If < e < 1 and a is a C^'^-smooth boundary point 
of a domain d C", then 

Soiz; X) > + \X\ near a, 

{d{z)Y-TT, 

where a' is a point near a such that z E Ua'- 

(a) If < e < 1 and a is a semipositive C'^''^ -smooth boundary point 
of a domain D d C", then 

Sd{z; X) > ^^'^'^^^^^^^ + |X|, zen, near a. 

Thus for C^'^-smooth boundaries. Propositions [1] and [2] (ii) character- 
ize the semipositive points in terms of the (non-tangential) boundary 
behavior of any metric between Sd and Kf). In particular, if D is pseu- 
doconvex and C^'^-smooth, then there can be no a < 1 — and 
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a G dD such that Sd{z;X) < d{z) for z E Ua near a. A similar 

characterization in terms of Kd can be found in [2]. 

Remark. For the Kobayashi metric itself, one cannot expect sim- 
ple estimates similar to that in Proposition [H In [2], Propositions 2.3, 
2.4], estimates are given for X lying in a cone around the normal di- 
rection, i.e. \{Vd{z), X)\ > \X\. One may modify the proofs of those 
propositions to obtain that for a non-semipositive boundary point a of 
a domain D d there exists Ci > such that if 

\{Vd{z),X)\ > cirf(2)3/«|X|, 

then 

Kd{z;X)^ (d(;^))3/4 

At least when n = 2, the range of those estimates can be expanded. 
Part (3) should hold for any n > 2, with a similar proof. 

Proposition 3. Let D be a domain with C'^-smooth boundary. 

(1) If a is a non-semipositive boundary point of a domain D d C^, 
then 

^i.(^;X)<^^^^ + W near a. 

(2) There exists Cq > such that if \{\/d{z),X)\ < cod{zy/'^\X\, 
then 

Kn{z-X) X |X|, 
while if\{Vd{z),X) \ > cod{zy/^\X\, then 

liminfci(z)^/^ ^^,^;,^^ >0. 

d{z)^Q \X\ 

(3) There exists ci > cq such that if \(Vd{z), X)\ > cid{zy^'^\X\, 
then 

\{Vdiz),X)\ 



Kd{z;X) 



{d{z)fl^ 



The fact that Ci cannot be made arbitrarily small already follows 
from [21 p. 6, Remark]. Notice that this is one more (unsurprising) 
instance of discontinuity of the Kobayashi pseudometric: when z^ = 
a + Sua, Xs = cb^l'^Va + Ua, where \uc\ = 1, {i'a,Ua) = 0, then there 
is a critical value of c below which Kd^zs^Xs) remains bounded and 
above which it blows up ; and if c is large enough, Kd^zs; Xs) behaves 
as S-^/\ 
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When dD is not C^-smooth, we can also give estimates on the growth 
of the Kobayashi pseudometric for vectors relatively close to the com- 
plex tangent direction to the boundary of the domain, in the spirit 
of Proposition |2] (i), with strictly stronger exponents. Those are the 
same exponents found by Krantz [4J for the Kobayashi pseudometric 
applied to the normal vector. This result, however, is about vectors 
which have to make some positive angle with the normal vector, but 
may not quite be orthogonal to it, and applies (for e < 1) to domains 
which are slightly larger than those considered by Krantz. 

Proposition 4. Let < e < 1, and a domain D <s with C^'^ -smooth 
boundary. Let a G dD and z & D, close enough to a such that a' G dD 
is a point near a such that z G n^/ (a' is not unique in general). Then 
if \{ua',X)\ > C2rf(z)"/(i+=)|X| and X)| < (1 - C3)|X| for some 
C2, C3 > 0, then 

Kd{z; X) > — near a. 

2. Proof of Proposition [T] 

The main point in the proof of Proposition [T] is an upper estimate 
for Kg on the model domain 

G, = Mn{0,e)n{z = {zi,Z2,z') G C" : > r{z) = Re Zi-\z2r + q{z')}, 
where e > 0, m > 1 and q{z') < |^'|^ < A; < m. 

Proposition 5. If 5 > and Ps = (—5,0,0'), then 

KgXPs\X) < \Xi\6^'' + \X2\ + 

Estimates for the Sibony and Kobayashi metrics on some model do- 
mains can be found in [H [2] . 

Corollary 6. If \q{z')\ < jz']'", then 

SgAP5;X) X KgAPs;X) x \x,\5^-' + \X\. 

This corollary shows that the estimates in Proposition [2] are sharp. 
Proof of Corollary 0. It follows by Remark 4,5] that if —q{z') < 
l^'P, then 

(2) SgAz;X)>\X,\5^-' + \X\. 

Proposition |5] implies the opposite inequahty 

SgMX)<KgMX) < \X,\6^-' + \X\. □ 
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Proof of PropositionUl We may assume that a = and that the inward 
normal to dD at a is {Re zi < 0, Imzi = 0, Z2 = 0, z' = 0} and that Z2 
is a pseudoconcave direction. After dilatation of coordinates and a 
change of the form z {zi + czf, Z2, z'), we may get C D for some 
e > 0, m = 2 and q{z') = {z'l"^. Then, by Proposition [5l 

Kd{z,X) < KgAz,X) < — — — — + \x\ 

d[z) ' 

if z is small enough and lies on the inward normal at a. Varying a, we 
get the estimates for any z near a. A similar argument together with 
([2]) and a localization principle for the Sibony metric (see [T]) gives the 
opposite inequality 

Kd{z,X) > bD{z,X) > — — — h|A|. □ 

d{z) ' 

Proof of Proposition For simplicity, we assume that e = 2 and 
q{z') < l-z'l^, where | ■ | is the sup-norm (the proof in the general case 
is similar). 

It is enough to find constants c, ci > such that for < 5 ^ 1, 
ci5^"-D X D X c5^~-D""2 C Is := IpsKc,, 

where D denotes the unit disk in C. 

Take X G C" with jXa] = 1, |Xi| < ci^^"-, \X'\ < c5^^-, and set 

y^{C) = Ps + CX, Ce©. 

If c < 1 and < 5 < 1, then ip(D) m B„(0, 2). On the other hand, 

r(y,(C))<-5+|C|.|Xi|-|Cr + |Cnxf. 

It follows that if Id < 5^, then r(¥;(C)) < (ci + c'=-l)5, and if |C| > 5^, 
then r{ip{()) < (ci + — 1)|C|"^- So, choosing ci = c'' < |, we get 

(p(B) (£ G and hence ci^^-^l x 5© x cd^-^W^ C h. 

Finally, using that {0} x D x {0'} C Is and that Is is a pseudoconvex 
domain, we obtain the desired result by Hartog's phenomenon. □ 

3. Proof of Propositions [3] and H] 

Proof of Proposition As in the previous section, for d{z) small 
enough, z will belong to the normal to dD going through the point 
closest to z, which we take as the origin. We make a unitary change 
of variables to have a new basis {va-,Ua) of vectors normal and parallel 
to dD, respectively. Using different dilations along the new coordinate 
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axes and the localization property of the Kobayashi pseudometric, we 
can reduce Proposition [3] to the following. □ 

Lemma 7. Let G := {{z,w) G : Re^; < fl D^, where D is the 

unit disk in C. Let Ps := (—5,0) E G,0 < 6 < 1 and v = {a, (3) be a 
vector in C^. Then there exists 6q = Solu) > such that for any 6 < 6q, 

(1) If\a\ < 2v^(5i/2|/3|^ then 

while if Co := liminf^^o \cs\ > 2a/2, there exists 7(co) > such 
that liminf,^o Sy^KcHS, 0); {cgS^/^ 1)) > 7(co). 

(2) If\a\ > 2(5i/2|/3| then 



\a\ 



(3) If\a\ > 76^/^\P\ then 

1 lal 



38 53/4- 

Proof. (1). By the Schwarz lemma we have Kcipsjiy) > for every 
5, V. Conversely, let c := ^ir2\p\ < 2v^. Consider an analytic disk 

$ : C -> C^ m = {f{t),9{t)) = (-5 + at~ ^t\ Pt) . 

It will be enough to show that <l>(t) G G for |t| < Clearly 



g{t) G D. Since \at\ < 2^5^/^ and ^t^ < ^ < 1, for 5q small 

enough we have f{t) G D. 

Now let a = |a|e* , and define G M by t = 5^/^{x + iy)e-''^ /\I3\. 
Then 

1 (l^(t)r - Re/(t)) = (^1 + 1^ - cx + - I) + 1 

1 + f X - , +(l-'-\y^ + > 0. 

8^1^ 2(1 + 1); V ^} 4 + f 

Observe that if $ = {f,g) G 0{B,G), then $^ G C(D,G) with 

$'(C) := (/(e^'C),e-^Ve^^C)), 

and ($^)'(0) = (e*V(0),^'(0)). So we may assume c> 0. 
If c> 2 a/2, recall that 

Kg{p] = sup {r > : 3^ G 0(D(0, r), G) : yp(0) = p, <^'(0) = X} . 
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Suppose that there exists 7 G (0, 1) and a sequence {6j) — )■ 0, cj > 
with hm inf J Cj — Cq such that 

Choose Tj such that "Y'^S^^ < Tj < l/kj. Let (pj{C) = {fjiOi 9j(0) 
as in the definition. ^Prom now on we drop the indices j. 
Write 



k>0 



k>0 



Since G C D^, the Cauchy estimates imply |afc|, < r ^. Suppose 
henceforth that |C| < r/2. Then 

/(C) = -(5 + c5V\ + a2C' + 5^a,C', 



fc>3 



and \ Yjk>3^kC''\ < 2r ^|C|^. Likewise, 



1 + 



k>2 



k>2 



<2r-2|C|, 



/2 



SO, whenever \(\ < r^, |5'(C)P < |CP + 8^ ^ICP- All together, using the 
definining function of G, 

-5+Re {cS'/\ + a^C) < \Cf+2^'S-'/'\C\'+8^'5-'/'\C\' < 

Now set C = S^/^e'^ e D{0, r^) for j large enough. We can choose 
0e [-f , f ] so that Re(a2e2^^) > 0. We have 

-6 + -^6 <-S + Re {c6^/\ + asC^) < ^ + 107^5, 
v2 

which implies 7 > ^ (^-^ - 2^ j ^ > 0. 

(2). We proceed as in the first case of (1) with ^{t) — (^—5 + Xat, X^t + y 

for So small enough and |Aq;|, |A^| < 1/2. Then e G if and 
only if 



-5 + \Xat\ < 



A/3t + - 



which is true when 



t\^ > -5 + \Xa\\t\, i.e. ^ + S> \X/3\\tf + \Xa\\t\. 
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If we now assume |A| < :^^|^, using the fact that + 6^ > a^b + ab^ 
for any a,b > 0, 

|+|3 i+i |\^| 

^ + 5 > ^5^^ + ^S'/' > Itl^i^ + \Xat\ , 
4 2V2 V2 251/2 

and the assumption on |a| gives the required inequahty. 

(3). When |a| > Co|/3|, this follows from the results of Fu, as ex- 
plained in the Remark after Proposition [21 For |a| < Co|/3|, this is a 
special case of Lemma [8] below. □ 



Proof of Proposition ^ 

For any z E D, the function fz{y) = \z — y\, y G dD, must attain 
its minimum. Let Uq be an open neighborhood of a. Since dD \ Uq is 
closed, if z G D nUi, where Ui is a small enough neighborhood of a, 
then fz will assume its minimum in Uq fl dD. Let a' be a point where 
this minimum is attained. Since fz is C^-smooth outside of dD and 
Vfz{y) is parallel to y — z, by Lagrange multipliers the outer normal 
vector Ua' is parallel to z — a'. Since the distance is minimal, the semi- 
open segment [z,a') must lie inside D, therefore z E Ua' = a' + R*_h'a'. 

By taking a' as our new origin and making a unitary change of 
variables, we may assume that locally D = {( : R.e(i < 0(|C2|^'''^ + 
I Im^ili"*"^)}, so that after appropriate dilations we may assume that 
D n Uq C Q^, the model domain used in the following lemma, with 
^ = 1 + e. We use the localization property of the Kobayashi-Royden 
pseudometric. The constants implied in the "O" above depend only on 
the neighborhood Uo of a. To get uniform constants, we cover dD by 
a finite number of neighborhoods of the type Ui. □ 

Lemma 8. Let 

■= {{z,w) G : Re^ < \w\^ + \lmz\^} DB^, 

where ^ > 1. Let ps := (—5,0) G Q^,6 > and v = be a vector 

m C^. Let Co > 0. 

Then there exists universal constants Ci,C2 (depending on C,,Co) 
such that if \a\ > Ci5^^~^^^^\l3\ and \a\ < Co\/3\, then 

Kn,{p5,i^)>C2^, V(5>0. 

Proof. We need an elementary lemma about the growth of holomorphic 
functions. 
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Lemma 9. Let fo{z) = '^k>i^kZ^ be a holomorphic function on D. 
Then 

M(r) := sup Re /o(t) > ^i^, Vre(0,l). 



\t\=r 



Proof. First 

N{r) :=sup|/o(i)| > / 

\t\=r J\t 



\t\=r 



k>l 



dt 
2^ 



\t\=r 



ai 



k>2 



dt 
2^ 



> r 



J\t\=r ^ 27r 



air . 



Next, fix r e (0, 1). For r' e (0, r), by Borel-Caratheodory's theorem 
(note that /o(0) = 0) we obtain 

, ^ ^ Nr'(r — r') ^ loil , 
Mr > \ > — (r - r'). 



2r' 

Letting r' ^ 0, we get the lemma. 



□ 



Returning to the lower estimate for fl^, we may assume that /3 = 1, 
I a I < Co- Consider an arbitrary analytic disk ^ — {f,g) : D ^ such 
that 

(3) $(0) = PS, $'(0) = Xu. 

Let's expand /, g into Taylor series 

fit) ^-5 + Xat + a2t^ + • • • , g{t) ^ Xt + g{t). 
By the Schwarz Lemma and Cauchy inequality, we can see that 

<2|t|2, V|t|<l/2. 
On a circle \t\ — r,r < 1/2, by the lemma above we have 



sup Re /(t) > 

\t\=r 



\Xr\ 



\a\ — S. 



In view of the estimate on g{t) and convexity of the function x^,x > 
0, i > 1, we get 



Likewise, 



sup|^(i)|^<2^-i(|Ar|^ + 2V«). 

\t\=r 



sup I Im/(t)|« < 2«-i(|CoAr|« + 2V«). 

\t\=r 
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Combining these estimates, we obtain the following basic inequality 
from which we will deduce a contradiction. 

(4) 

(^(r) := 22«+V2« + 2«(1 + C^)|A|M - |Aa|r + 25 > 0, VO < r < 1/2. 
We have 

(5) yp'(r) = ^22«+V^-i + e2«(l + Co^)|A|M-i - |A«|. 
Notice that 

¥?'(0) < 0, ¥^'(1/2) > 8^ - |Aa| > 8 - |Aa| > 0, 

where the last inequality follows from the Schwarz Lemma. Moreover, 
since ^ > 1 we have ^"{r) > for every r > 0, so the equation if'{r) = 
has a unique root ro G (0, 1/2). Now we have 

(6) 2^(/?(r) = rv?'(r) + V'(r), 
where 

(7) ^/>(r) = ^2^(1 + Co^)|A|M - (2^ - l)|Aa|r + 45^. 

Since (p'^tq) = 0, from (jl]), ([S]) we infer that ip{rQ) > 0. It also follows 
from that 

^2^{l + Cl)\X\^4-' <\Xa\. 

Therefore 



e2«|A|«(l + C«)r«<|A 



a\ro. 

Since V'(^o) > 0, from ([7]) and the above inequality we get 
Thus 

ro < ri : 



^-1 |Aar 
This implies that 

(8) < ^^'(ri) = 2«+V?«-i + (1 + C«)|A|Vf-i 



Now we can choose Ci > depending only on ^ and Co such that if 
|a| > Ci(5(«-i)/« then 

(9) |A|V^ < -- 



2 ^2? 

Putting ([H]) and ([2]) together, we get 

1 |Aa| 
2W 



< 2«+V?«-\ 
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Rearranging this inequality, we obtain 

where C2 > depends only on ^. The desired lower bound follows. □ 

4. Properties of the new pseudometric 
We hst some properties of Kd similar to those of Kd- 
Proposition 10. Let C C" and G C C"* be domains. 

(t) IfJ e 0{D, G), then Kd{z- X)^> Kcifiz); f^M))- 

(11) Kd^g{{z,w)-{X,Y))^uib.-k{Kd{z-X),Kg{w-Y)}. 

(in) If {Dj) is an exhaustion of D by domains in C" (i.e. Dj C Dj^i 
and UjDj ^ D) and Dj x C" 9 (aj, Xj) ^{a,X)eDx C", then 

limsup KDj{aj; Xj) < Ku{a]X). 

In particular, Kd is an upper semicontinuous function. 

Proof. Denote by S{P) the envelope of holomorphy of a domain P C 

(i) If A: = rank/^,^2, then f^^zilzKo) C If(^z)KG is a balanced domain 
in with f^^zi^ilzKo)) as the envelope of holomorphy. It follows 
that f*,z{^{IzKD)) C £{If(^z)KG) which finishes the proof. 

(ii) The Kobayashi metric has the product property 

KD^G{{z,w)-{X,Y))=,^^{kD{z;X),kG{w-Y)}, i.e. 
I{z,w)KdxG = IzKd X IwKg- 

Then 

£{I(z,w)Kdxg) = S{IzKd) X £{I^Kg), 
i.e. K has the product property. 

(iii) The case X = is trivial. Otherwise, after an unitary transfor- 
mation, we may assume that all the components X'^ of X are non-zero. 
Set 

= + j^{z'-a]),...,a^ + —{z^ - a])), j » 1. 

We may find ej \ such that if Gj = {2; G C" : Mn{z,ej) C D}, then 
Gj C ^j{Dj). It follows that KG^ia^X) > Ko^i^aj-Xj). 

Further, since Kg^ \ Kr, pointwise, it follows that la^Gj C laKGj+i 
and UjlaKGj = laKo- Then 

S{IaKG,) C e{IaKG,+,) and U,- £{IaKG,) = SilaKc). 
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Hence Koj^aj] Xj) < Kc^ia^X) \ Kd{ci',X) pointwise. □ 

Remark. The above proof shows that Proposition [101 (i) and (ii) 
remain true for complex manifolds. 

To see (iii), note that it is known to hold with K instead of K (see 
the proof of [8, Proposition 3]. 

Moreover, any balanced domain can be exhausted by bounded bal- 
anced domains with continuous Minkowski functions (see ^ Lemma 
4]). Let (-Efc) be such an exhaustion of laK^. Then, by continuity of 
He^, for any k there is a jk such that C la Kd for any j > j^- 
Hence, if we denote by hk the Minkowski function of S{Ek), which is 
upper semi-continuous, 

lim sup KDj{aj; Xj) < lim sup /i^ (Xj ) < hk{X). 

It remains to use that hk{X) \ Kci{a', X). 

Another way to see (iii) for manifolds is to use the case of domains 
and the standard approach in [3, p. 2] (embedding in C^). 

Proposition 11. Let d C" 5e a pseudoconvex domain with C^- 
smooth boundary. Let (Dj) be a sequence of bounded domains in C" 
with D C Dj+i C Dj and HjDj C D. If Dj x C" 9 {zj,Xj) {z, X) E 
D X C", then Ko^izj] Xj) — )■ K£){z;X). In particular, Kd is a contin- 
uous function. 

Remark. It is well-known that any bounded pseudoconvex domain 
with C^-smooth boundary is taut (i.e. 0{p,D) is a normal family). It 
is unclear whether only the tautness of D implies the continuity of Kd 
{Kd has this property). 

Proof. In virtue of Proposition [10] (iii), we have only to show that 
WmmiKDAzf^Xj) > Kd{z;X). 

Using the approach in the proof of Proposition [10] (iii), we may find 
another sequence (Gj) of domains with the same properties as (Dj) 
such that K£).{zj; Xj) > Kgj{z;X). It follows from the proof of [S] 
Proposition 3.3.5 (b)] that Kqj Kjj pointwise and then HjlzKc^ C 
cIzKd for any c > 1. Hence HjE^IzKcj) C cS^IzKd) which completes 
the proof. □ 
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